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Keywords: Constraint Control, Saturation Avoidance, Har€ontroller designs that encounter the saturation effect a-priori
Bounds, Robust Control, Double Youla Parameterisation. are usually splitted into two categories: (1) designs that pre-
vent saturation of the control signal and therefore enjoy a linear
Abstract framework (as long as plant and controller are linear) and (2)
methods that allow saturation and are therefore facingra
The design of robust controllers that guarantee prescribed hlingar setup. In the second case, analysis (in terms of stability,
bounds on the control signal when facing model uncertaintydgntrollability and feasibility) of this nonlinear system is dis-
considered. Our approach to avoid a conservative design istssed in [5, 13, 14]. Design schemes that handle saturations
describe the external signals quite accuratly by means of “ating a nonlinear controller have been proposed [11, 3].

missible sets”, h"?“d bounded n amplitude af‘d rate. The cqigis \york clearly employs the first — saturation avoiding — phi-
pr_oblem tosolve is the calcul_at|on ofthe maximum output aMbsophy. To solve the constraint control problem in a linear
plitude of aset of systemsThis problem will be solved for a framework, one implicitly has to restrict the amplitude of all

gertain parameterisatio_n of the set in a computationally Alriernal signals; independent of the technique used in particu-
gve way. Controller design can then be formula_ted by emplopé—r. Our approach, however, makes a further step by imposing
Ing a double Youla parameterisation of uncertain plantand sfg: o jjtional restriction on the rate of the external signals. In
bilising controllers. We demonstrate, how the employed mo

) be identified b ¢ dard identif ny practical situations, this is a more accurate description
uncertainty can be identified by means of standard identificgy oy without rate restriction) of all external signals, possibly

tion techniques. Moreover, we present a combination with ﬂsing during runtime. A design, directly based on this de-
MPC scheme, that allows us to obtain faster time responsg '

- e X 1 E?iption will avoid a conservative control system.
and invites the possibility to encounter for time domain an
frequency domain performance specifications. In this work we consider the design of@bustcontrollers that
guarantee prescribed hard bounds on the control signal when
facing anuncertainmodel. This is a clear progress compared
to our previous efforts [7, 9], that guarantee hard bounds only

Most practical control problems are dominatechayd bounds in the case that the model matches the plant exactly. The core
Valves can only be operated between fully open and fuwoblem for the lack of robustness so far was that it was not
closed, pumps and compressors have a finite throughput W&l understood what the maximum output amplitude sk&
pacity and tanks can only hold a certain volume. These inp@f-systemss. This problem will be solved in this work for cer-

or actuator-bounds convert the linear model into a nonlind@ parameterisation of the set in a computationally attractive
one. Exceeding these prescribed bounds causes unexpecteBg-A drawback of the saturation avoiding techniques may be
haviour of the system — large overshoots, low performance®tower performance, compared to a nonlinear, gain schedul-
(in the worst case) instability. Solving control problems sutig control law for instance. It has already been pointed out
ject to hard bounds, we need to restrict the amplitudes of th@ove that our approach is less conservative due to a more ac-
external signals (i.e. the reference signals) as well. In this &rate description of all possible external signals. Moreover,
proach, we regard reference signals, bounded in amplinde We present a combination with an MPC scheme, that allows us
rate (i.e. the first derivative has to be bounded in its amplitud&).obtain faster time responses and allows the possibility to en-
This appears in many systems. For example in a tank, not offHNter for time domain and frequency domain specifications.
the liquid-level is bounded (by the tanks height), additionally

the liquid cannot change its level arbitrarily fast. 2 Maximum Output of an Uncertain System

De_sign_ 9f controllers for systems with hard constraints is Bkfore turning to actual design techniques, we need to under-
quite vivid area of research, see for example [1, 12, 15]. stand how asetof systems reacts (in terms of maximum pos-

1The work was partly supported by the European Commission throu&t_l\ble output amp“tUde) to _a set of so Ca”ed_ admissible input
the program Training and Mobility of Researchers - Research Networks api@nals. Having solved this problem, we will be able to ap-
through the project System Identification (W. Reinelt) and by funds of MURSJly the design philosophy from previous works, which calcu-

under the Project “Robustness techniques for control of uncertain systerrgfes/adapts [10 9 7] a controller. based onel:kmactcomputa-
(M. Canale). Contacts with the participants in the European Research Net P '

Gt "ion of the maximum possible control signal within the control
System Identification (ERNSI) are gratefully acknowledged. p g

1 Introduction and Motivation




loop. We recap problem and solution fosimgle system, as The core problem, to be solved on a finite time grid of size, say,

discussed in [8], and generalise it: N + listhen:
Given a SISO LTI stable system, which is represented by its
transfer functionlI(s) and its impulse responsgt) respec- €0 Lo e LN 0 ‘
tively. The input is denoted by, the output by\. The follow- & } 70 men] { R l f ] :
ing constraints hold for the continuous and piecewise differen- 1 o o0 M N ‘
tiable input signak: =
_ where[r. o, ..., 7 n] IS the impulse response of., evalu-
|5_(t)| s = (1) ated at the firstV + 1 time stamps, and, o, ..., b; v is the
K@) < =2 (2) impulse response of basis functi@h, evaluated on the same

o _ time grid. Note that they are known. The restrictionsépn
for ¢ > 0, where=Z,= > 0 are given constant values and,nq¢ “are given by (6,7,4), which are obviously linear. Denot-
§(t) = 0, < 0. We call those reference signals, which fuly,o'e"_ e ™~ ¢ 97 0" 2 and adding some

fill eqns.(1,2)(=, =)-admissiblgor shorts € A(Z, Z). We are  iqs zeros blocks, the above maximisation becomes:
looking for the maximum amplitud#,, (¢) of the output\ (up

to timet) for all (£, =)-admissible inputs, i.e. 0 0 b 9
) (5.2 p Ig%x{[O,ﬂc][g]-k[@T ST][OOHSH 8)
Ap(t)= sup  sup [A(7)|= sup sup |m(7)*&(7)], l/]
EEA(EE) O<T=t EEA(EE) O<T<t subject to
where %" is the convolution(t) x£(t) = fot w(1)¢(t—T)dr. glo < 0; <M. Vi (9)
Itis clear, that the function\,,,(t) is non-decreasing in time =< Eore <E, Vk>0 (10)
It turns out that the solution of this problem can be approxi- _E < fernizlor o =, Vk>0. (11)

mated quite well by linear programming techniques [8]. The Pt

solution of this problem allows design or at least adaption Qfptimising (8) subject to (9,10,11) is obviously a QP prob-
controllers, that ensure a prescribed hard bound on the conleph. Moreover we observe that the description of the model
signal [7, 9, 10]. This prescribed bound holds, however, only imcertainty in (9) can easily replaced by any other linear set of
the case that the actual system and the model, used for desigitameters (parallelotopes for instance) without changing the
are exactly the same. The core problem for the lack of robusharacter of the optimisation problem.

ness is that it is not well understood what the maximum output

amplitude of aset of systemss. This problem will be solved .

oW 3 Controller Design

Suppose a set of stable LTI SISO systems: We will now link the result from Sec. 2 to a controller design.
Suppose a controll&r,,,,, stabilising the nominal plari,,,,,,
Iy(s) := .(s) + B(s) - 0, (3) is given, and assume moreover normalised right coprime fac-
torisations of them:
where B(s) = [Bi(s),...,B,(s)]T is a set of stable ba-
sis functions, for instance orthonormal basis functions, and Gnom = Ng-Dg (12)
0 =[61,...,0,)" is a parameter, located in a rectangular box: Chom = Nc- DAL (13)

0 <0; < 0N, Vi (4) Suppose now a so-called double Youla parameterisation [4, 16]

. , , . of uncertain plant and a set of stabilising controllers in terms of
In fact, the model set (3) is affinely parameterised in UnCefiicertainty in the coprime factors, cf. Fig. 1:
tainty, given by (4). Let the input sign&lobey the same con- ’ '

straints (1,2) as above. According to [8], finding the maximum Ga = (Ng+ DcAg)(Dg — NcAg)™ ™t (14)
output amplitude of system (3) can be solved via Quadratic Orx = (N D Ar) (Do — NeAp)—1 15
Programming (QP), when looking at a discretised version: a (No + DeAc)(De cAo) (15)
. Allin all, the above two sets parameterise a set of controllers,
A, = SHPZ 7o 1Er (5) thatstabilise an uncertain plant:
ok L—p /

3.1 Theorem ([4]) Given a controllerC,,,,,, = N¢ - Dgl
where{r,. } is the impulse response of systéf in (3), and that internally stabilises the platt,,, = Ng - Dg', where
&k is a (time inverted) admissible input signal, which can b&,. D, are normalised right coprime factors. Then the set
(approximately) described for the discrete time case by of controllersCa as described in (15) stabilises thecertain
plantGa as described in (14), if
B § fo,k S Ev vk Z 0; (6)

—Eg fernibor <3 yE>0. @) lAc]loollAglloo < 1. (16)

tey1—tk



data record. This is due to the fact, that expression (18) is only
affine inAg, whenAgs = 0.

An optional pre-check can be added after step 2: Get all con-
’trollers (or a reasonable subset, with e.g. restrictions on order)
satisfying (16), and calculate the maximum control signals for
the nominal plant and all controllers (i.Ag = 0 in (18)). If
their minimum is larger than the desired one, there is no solu-
Figure 1: Double Youla parameterisation of uncertain plant aggn using this approach. Otherwise, all controllers producing
(sub)set of stabilising controllers. a smaller control signals are candidates when proceeding.

We state a variant of the above algorithm, which is intended to
decrease the amount of re-calculationg\gf.

We note, that the above condition is only sufficient and ngt Algorithm (second approach)
necessary. The introduction of weights may reduce the amouh% 9 PP
of conservatism, as (16) is a relation betweenthe norms

. . _1
rather than a frequency-by-frequency condition. 1. Geti/o data, estima®;.o,n = NeDg -

Our aim is now to calculate the maximum amplitude of the2. Get stabilizing controlle€’,,,, = NcDg'.
control signal in an (uncertain) control system, with respect to,
the amplitude and rate of the reference signal. Now, the transfer’
function from reference signal to control signal is, as a function

Estimate the coprime factor erry;, usingG..om, Crom
and the closed loop data recdrd, u, ).

of the two uncertainties in controller and plant: 4. Calculate maximum control signa),..., apply the QP to
CA Trzu(AGaoacnom%VAG:
Trpu = Tru(Ag, Ac) = YN 17) ®lmaz < ul®s: ready!
» AT oUa. > u®s: Pick a stab controllerC* =
1—NeDg Ac ‘EIDGNC Ac —AGAC7(18) (Ne + DgAc+)(De — NgAc-)~! according to
(Gnom + erm)(l + ACAG) ||AC* OOHAGHOQ <e<l1

whenever this expression exists. Obviously, (18) is affine in5 - calculate maximum control signa),..., apply the QP to
either of theA's, whenever the other is zero. Inthis case, the 7, (A, Ace, Crom), VAG:

Quadratic Program in Sec. 2 willh = 7,.,,,& = 72, A = u Tru(Ac, Ace, Crom) _
can be used to establish the maximpossibleamplitude of the 1-NoDZ'Ac+Da NG A —Ag A

control signal, whenever the uncertailtyobeysAs = Bgla (Grom+Cram)(1%e)

andA¢ = Bcfc respectively, wherég, 0 restricted as in *Upmaz < ui®: replaceC,,,. by C*, return to step 3.
(4). We postpone this calculation for a givéx; to Sec. 4 Upmas > u*: pick anotherA ¢, goto step 5.

and assume in the remainder of this section, that we are able to

estimate/identifyA¢ = Bg0s along with a linear constraint . . .
ond; for a given nominal Setuf,,om, Criom. 3.4 Remark In the algorithms stated above, a simple check if

i . the “new” nominalcontrol loop obeys the desired bound on the
We now propose an algorithm for controller design, guarantggsnirol signal, will be of advantage, as it is a necessary condi-
ing a control signal less then a desired boufitt: tion for the new/modified controller to succeed. We observe,
that step 5 of the second algorithm looks for the controller in
thee-ball around the nominal one, that has a sufficiently small
control signal. This search for a “minimal’ is quite similar
to the techniques used in [10], where nonlinear optimisation is

3.2 Algorithm (first approach)

1. Getilo data, estima@,,,, = NeDg'.

2. Get stabilising controlle€,,,, = Ne D' applied successfully.

3. Estimate the coprime factor errii;, usingG.om, Crom o _
and the closed loop data recdd , u, y). 4 ldentification of the uncertain plant

4. Calculate maximum control signal,..., applying the QP In order to apply the design procedure outlined in the previous
t0 T, (A, 0, Crom), VAG: sections, an uncertainty model of the system to be controlled
OUpnar < udes: ready! has to be estimated in terms of a nominal mo@gl,,, to-
oumq > ud®: Pick another stabilising controllér*, let  gether with the “joint uncertainty” in the coprime factors. This
Chrom = C* and goto step 3. is known from literature, see for instance [17, Sec.5.4]. We

repeat the necessary technicalities and state them as:
We note that after failure, we have to re-identify the model un-
certainty in terms of the coprime factdt,, based on aew



4.1 Algorithm (Identification of Ag)

1. Given nominal plant and controlléf,,,..., C.om and the
closed loop data record+, u, y).

2. Calculate the filtered residuum:z = (D, +
GnomNc)_l(y - Gnom“)-

3. ldentifyAs from the setupz = Ag-rq, assuming\g =
BgOg andfg linearly restricted as in (4).

Figure 2: Enhanced control structure

) o It is easy to verify that the control structure in Fig. 2 is equiv-
4.2 Remark Our final aim is a closed loop system that corgent to the one represented in Fig. 1 by posing:= % and
tains a saturation nonlinearity. Hence, in order to apply linegj — ;. |t has to be noted that, the application of such sig-
techniques in identification, the amplitude of the input signghys, produces as an effect the control loop in Fig. 1 to track
has to satisfy the input constraints (which is, in this contexhe “nominal trajectory’y. It is easy to verify that the relation

the search for a proper reference signgl Saying this, we petween the command signabnd inputz is given by:
implicitly assume the knowledge of the saturation level (which

we do as well for the controller design). ~ Grnom +Cpt, = DG (D + NeNe DA
(Gnom + Cr:olm)(l + AGAC)

“a (21)

4.3 Remark To make the framework consistent, the controller ) o ]
designed in step 2 has to stabilize the “real plant’ (meani¥§ch: forA.c = 0, is affine inAg. In this case (21) can be
the identified model set in this context). This, however, implidgWritten as:

that the open loop experiment performed in step 1 of both algo- DA (De + NoNeD=DA

rithms has to deliver a model set for the plant to be controlled U= (1 o ( g Cci G G) u (22)
in order to allow a robust controller design. (Gnom + Crom)

This way it results

5 Performance Enhancement using MPC - DG (Dc + NeNeDGhAg
The design procedure proposed in the previous sections can (Grom + Crom)

be suitably used in order to enhance the time response perR%W in order to satisfy the command limitation, the two com-
mances and to couple in an effective way both time and f(;S ' i

: . i . . onents; anddu may be designed such that, foba ¢ < 1:
guency domain specifications. In a time domain design con-
text, the satisfaction of hard input constraint can be achieved, 6u| < &-ules, |a| < (1—¢) - udes
for the nominal mode(7,,,,., by computing the control moves

u, in a receding horizon fashion by solving (e.g.) the following

optimisation problem at each time step:

(23)

= |u| = |a@ + du| < || + |du| < ude® (24)

The limitation onz can be achieved by a standard MPC de-
hy hy sign, whereas, for the limitation anu, the constraint control

mUin 21 lly(k +ilk) — 7~||2 + 2} l|a(k + i|k;)|2} procedure outlined in the previous sections can be exploited.
= = (19)

U = [a(klk),... ,a(k + he — 1|k)]

stUelU={a€eU : tmin << Upmaz} 6 Example

The proposed constrained control procedure has been applied

Wheretyay > 0 > tmin, 1 IS a prescribed reference S|gnalt0 the system considered in [2] whose transfer function is:

|I-]| is the Euclidean norm ankl, andh. are respectively the
prediction and the control horizons satisfyihg < h, < oo G (s) =
(see e.g. the recent survey [6]). Now consider the control struc- 5 4 3 9
ture depicted on Fig. 2 where the control@,,, can be de- 0.001s> 4 0.02s" + 0.11s T 0.325" +0.49s +0.29
signed using the procedure outlined in the previous sections?® + 0-505° + 4.59s* +1.37s 4 5.225? + 0.555 + 0.07
the commandi is computed according to (19) agds the out-
put of modelG,,,,, for the inputa (i.e. § = Grom@).

The design procedure has been worked out employin§ a 4
order identified nominal model with transfer function:

This way the system input which has to be bounded is the

sum of the two components(the MPC one) andu (the con- G, (s) =
tribution of controllerCx):

—0.08525s% 4+ 0.0079s% + 0.2008s + 0.125
st +0.1864s3 + 2.19s2 + 0.2355s + 0.0311

~ In Fig. 3 the Bode plots ofy and G,,,,, are reported. Both
u=u+du (20)  time and frequency domain specifications have been taken into



solving the optimisation problem:

. 4%
Cnom,CC = argmnge Hm”
o

s.t. Wpg-C

(25)
1+Gn°mCHoo = ||WETI‘2u,nomHOO <1

magnitude (dB)

whereWy is a suitable frequency dependent weighting func-
tion used to shape the nominal sensitivity function &g is

a rational low order function overbounding the model uncer-
] tainty as tight as possible (for details see [2]). In this context,
] lower values on the control variable can be obtained by ap-
o ] propriately penalising the functidfi., ., nom. To compute the
maximal control amplitude when applyitig, ., cc, we recall
(18) which, forA¢c = 0, gives:

Figure 3: Bode diagrams for systenis (solid) and model
Grom (dashed).

1— NcDélAG

Truw =
2U .
Gnom + Cnom,CC

Supposing ., stable and’;,,,,, cc minimum phase we can
account. In particular, a hard constraint on the control variasidopt the following coprime factorisations:
lu| < u = 0.4 for reference signals satisfying, = 1 .
and R, = 1 together with a low frequency limitation on NG = Grom; Dg =1, No =1, Do =C ., cc (26)
the nominal sensitivity functioly = —=——— such that . Crom oo _
1S (jw)| < 0.1for0 < w < 0.01 rad/s have 10 be satisfied OP@INING T, = gt (1 — Ag). This way, the
In order to meet the prescribed requirements, together with FBaximal commang.,.x can be computed as
bust stability in face of the additive model uncertainty found in

C’nom
[2], Alg. 3.2 has been applied. The input signalused for the u = Ty 72 = T écc (1—Ag) 1o =
identification of A has been obtained by means of tte nomnom,CC
input routine of Matlab Identification Toolbox exciting fre-  _— Crom,cc i Crom.cc Ag - 7o =

quencies up to 5 rad/s plus a step signal (detecting the steady 1 + GromChom,cc " T T GromCromcc
state component). In order to avoid saturation of the control
variable when collecting data, nominal simulations have been _
carried out to tune the amplitude of in order to match hard

input constraints om. In Fig. 4, signal; is reported together then|u| < 49 becauséu,om| + [Stnom| < u®®® (see (24)).
with the corresponding. In order to reduce the complexity inThe application of Alg. 3.2 produced a controli&,, cc :

=Unom =0uUnom

Unom Jr 5unom

0 — , , — , , : Crw'rn,CC(s) =
2.30s% + 6.17s* 4+ 6.1s% + 13.1252 + 1.42s 4+ 0.18

oo AN M
T 6 1+ 40.765° + 22.69s% + 93.49s% + 37.2452 + 6.165
B I R e With |unom| < 0.31, [0tunem| < 0.09 and thereforéu| < 0.4,
enabling the satisfaction of the prescribed specifications relax-
ing with a factor of 1.9, ,, nom function. With the purpose of
enhancing the performances achieved by contrdllgs,, cc,
| an MPC control law has been designed impoging= 0.25
YA LA AR LL LU AL L ande = 0.37 considering a trapezoidal reference signal
with starting and final slopes df and —1 respectively (thus
(R2, R,) admissible) in the optimisation problem (19). By
means of (25), a controll&r,,,,,, ;s pc Was designed to satisfy
|du| < e - u?es. The computation of the maximal output can

the maximal output computation, a second order Kautz ba8 Worked out using the coprime factorisation (26), replacing
has been chosen as parameterization¥gr The Kautz basis Crom.cc BY Crom, mpc, @nd noting that (22) can be rewritten
parameters have been selected using the poles offreeder aSu = (1 — Ag) - 4, SO thatbu = —Ag - u. The transfer
rough output error model obtained by the routine of Matlab function of the computed controll€f,,o,, v pc is:

Identification Toolbox using the collected data (ire¢.and the
filtered residuuny). To guarantee robust stability in face of
the identified open loop model uncertainty (see Remark 4.3), _ 1.61s” +4.335% 4 4.285% 4+ 9.215° 4+ 5 + 0.13
standardH,, techniques have been used for controller design s + 54.09s5 + 24.47s* 4+ 121.8s3 + 38.99s2 + 5.455

Figure 4: Signals employed in identification &f;. Above:
r1. Below: u.

CrLO'rrL,I\/IPC(S) -




obtaining (without relaxation off;.,,) |du| < 0.14 and so hard bounded in amplitude and rate. (2) a combination with

lu| < Ja| + [6u| = 0.39. This way, using the combined ac-an MPC scheme, that allows us to obtain faster time responses

tion of controllerC;,.,,, ;s pc plus the MPC control law a per- and invites the possibility to encounter for time domain and fre-

formance improvement has been achieved with respect to theency domain performances. While the second assumption is

ones obtained by the single action of the cascade controlather new in this line of research, the first one is at at least

Crhom,cc- In Fig. 5 the frequency behaviour of the nomiwell studied in the “non-robust” case. The core problem for

nal sensitivity magnitude for both the designed controllers (i.#ne lack of robustness so far was that it was not well under-

Crom,cc andChpom. amrpc plus MPC control law) are reportedstood what the maximum output amplitude afet of systems

and compared showing a slight increase of the low frequerisy This problem was solved in this work employing a (double)

attenuation properties of the combined scheme. MoreoverMYoula parameterisation.

Fig. 6, the simulated time responses of the outpand of the

commandu due the trapezoidal refereneere illustrated. It References
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