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Keywords: Robust Stability and Performance, Rank One Ununcertainties are, however, limited to low order controller with

certainties, Model Error Modeling, Identification for Control. a fixed structure, see [10] for instance. For a treatment of mixed
uncertainties in this framework see [4]. A related work is [14],

Abstract where interval arithmetic is applied to analyse model sets that
depend nonlinearly on some uncertain parameters.

A framework for identification oriented robust controller deHowever a necessary and sufficient result on robust stability
zlgn 'S ddevelopgd. The mOd?' IS |dent|f|eq from opﬁn-loop I/%?f rank one uncertainties is given in [16] and we will exploit
ata and contains parametric uncertainties as well as an aggk g it to arrive at a design procedure, guaranteeing robust

tive and norm—bound_e_d error. The set of all robustly Stab'l's”&abilisation of the model, containing real parametric uncertain-
controllers, that additionally guarantee robust performancetil s as well an additive norm-bounded error. Moreover, robust

characterised by a system of second order cones, which can sitivity can be prescribed as usualt, control and ad-

efficiently solved by interior point algorithms. ditionally, the sensitivity of the nominal control system can be
shaped within certain (sharper) bounds. The problem is for-
1 Introduction and Motivation mulated as a second order cone programming problem, which

i ) i o enables an efficient numerical solution.
Considerable current interest in System Identification is dedi-

cated toldentification for Contral e.g. [6] and the referencesAn approach, based on the same stability result can be found
therein. The gap to bridge between identification and col-[2]. There, the authors consider the maximisation of the
trol is the model uncertainty, which will be addressed by a rétability margin for a class of restricted order controllers.

bust controller. Here, we are facing a fundamental robustne[sg—per Outline: Sec. 2 summarises short the result of a iden-
performance tradeoff, as a too “large” model uncertainty Wilkication procedure, while Sec. 3 then discusses controller de-
lead to a conservative (or even impossible) controller desigfyn ensuring robust stability and performance. We illustrate

while a too “small” model set may not include the real systergr approach with an example in Sec. 4 and give some closing
Validatinga given controller for stability and performance fofemarks in Sec. 5.

an uncertain identified model is well understood [3]. Still, there
is a need for moréesigntechniques, directly based on identi- . e .
fication techniques delivering a nominal model and model u- What the identification procedure delivers

certainty. We consider single-input single-output models, that are linearly

Mainstream works on robust control like(., techniques parameterised, i.e. we assume the structure B - ¢ for the
mainly focus onunstructureduncertainties and are thereforé/o behaviour, wheré3 denotes the vector of chosen basis func-
not necessarily well suited fgarametricuncertainties and ad- tions, andd the parameter vector, to be estimated from data.

ditive, norm bounded errors from identification, cf. [5, 11]. Doing so, we end up with a nominal mod&},.,, = B - 0,.0m

. . nd the model set:
In [17], the authors consider unstructured uncertainties da

scribed by confiden_ce_ bou.nds_and presenF a mib(@;ziHo“o U, == {G(0):G(0) == B -0, 1)
framework. The main idea in this approach is to have a “nom- o
inal” controller at hand, which this will be changed in order to (0 = bnom)” 7 (0 — brom) < p}-

guarantee a-priori specified performance bounds. ] ) ] )
Applying Set Membership techniques, assuming an unknown-

[7] employs the concept of Integral Quadratic Constraingyt-bounded noise, the positive definite matkisn (1) refers
(IQCs) to handle mixed uncertainties. This approach, howevgy,the ellipsoid, calculated when using an ellipsoidal over-
discusses thanalysisof robust stability properties, given a dehounding algorithm [15] angd = 1. Using Least Squares tech-
scription via 1QCs. niques [12],E is the covariance matrix of the parameter and

Another approach is to study so-called interval plants (i.e. tfi/inked to the probability level of estimation.

coefficients of the transfer function live in an interval) and aprhe dynamics of the model s&t, depend of those of the ba-
ply Kharitonov type of results for stability analysis, see [1kis B, which hinges on a-priori knowledge. Even if the main
Works dealing with actualesigntechniques for these types ofgynamics are picked up here, under-modelling, nonlinearities



A the following situation:
T RT
y ) 0 JAT "B
)= L G ) (V)
p Y W§ ! W§ 1Gnom U
1 GTLO’"L
4)
u y
(%)
K u
w=Az = (6T, A, Ag)z, (5)
Figure 1: Generalised plad® with uncertaintyA and con- 16]]2 < 1,[|Alle < 1,[|As]lec < 1.

troller K. . . — .
We now aim at using the convex parameterisation of all stabil-

ising controllers, see [16]. Suppose, we have a Youla parame-

. . . erisation of the nominal i/o behaviour fromto z: 71 + T5Q,
or time varying drifts may appear. Therefore, one usually esti- .

o " here  is the Youla parameter. Assume moreover a de-
mates an un-falsified, additive, norm bounded model error O moosition of( Ty, T») corresponding to the uncertain vector
the nominal model [11, 5]. The result is then P Loz P g

75 T
1 2

(6T, A A)T: (Th, T) = | TR T§ . Robust stabil-
Z/{np = {GA;GA = Grnom + WAA7 ||A||oo < 1}- (2) TlAS TQAS

ity for the feedback loop is now to demand:

Clearly, both model uncertainties discussed so far are of differ-, <7 1

ent nature: the model sif, is represented byreal parametric (L= 00 A As)Ti + TQ) ™ € Hoo, V0,4, As,  (6)
uncertainty bounded in 2-norm, while the model $ét,, rep-  but a computationally more attractive formulation of this robust
resents aon-parametric uncertainfybounded inf.. norm. stability problem is:

Obviously, it is useful to combine both types of uncertainty

set to cope with uncertainties in the parameters of the nomigglegrem 1 ([16]) Under the assumptions described so far, (6)
model as well as with unmodeled dynamics, which leads to jg equivalent to the existence of two stable functions with
Q = Ba~! fulfilling
U:={GG=DB-0+WaA, (3)

[|Re[Ta + T3 ) (iw)||? + [|(TF o + T3 B) (iw) |2 +
(9 - enom)TE_l(e - enom) S 12 ||A||c>o S 1}-

(T% o+ T3 B) (iw)]]2 < Rea(iw) 7)

: for all frequenciesv, wherel| - ||¢ is denotes the dual norm to
3 Controller Design il q -1l

3.1 Robust Stability and Performance

Remark 1 The original formulation [16, Cor.2] is stated for
The model set (3) fits to standard uncertainty descriptions (ghedynamic uncertainty, i.As = 0 in the above setup, which
Fig. 1), when resorting the two contributions of uncertainty straightforward to extend.
to A. Therefore it is possible to use control schemes like

mixed sensitivityHo co_ntrol, exploiting the un_certainty bandThe remaining problem is to find the two functionss in the

n thg_frequeqcy domain. Bufc here, we are in a much MOBw convex setting of (7). In [8], this problem is solved for a

specific situation: the uncertainty consists of two contribu- parametric uncertainty (i.&2, T2, T2 725 — 0) bounded

tions. Firstly, thereal uncertainty vectod, bounded by an ;" " oo res.pécvtiv?alg/ ulsin’g zin FIR basis farg

?"E)S?'dTagd coan her;s:e;eﬁd%sflnbgd||éﬁgd|§ tlh denoting and the computational problem is recasted to a Linear Program-
G (0 - ,”0’”)’ B - >econdly, the nonpara-ming one. Several reasons encourage us to abandon this ex-

metric uncertainty bounded in operator norm. ;I’hus, the uncgfiing solution. Apart from the missing additive errrand

tainty of model set (3) is eank oneuncertainty(é™ , A) with & - the performance specification, in our case, the uncertainty is

generalised planP, that isknownfrom the identification pro- pounded in the-norm. so that| - |2 = || || = || - ||-. More-

cedure. Additionally to robust stability, we ask the controllqgver’ we will assume a more general parameterization in terms

to guarantee a certain level of performance for the identifiggl ya5esp B of dimensionN, and N respectively, i.e.

model set (3). In particular we demand an upper bddidfor , _ Babfa,3 = Bslg,0a € RN by € R™s. Obviously

the sensitivity functiors” [[Wg " - S(67, A)ll < 1,VI[6]l2 < (7) is then (assuming infinite basis expansion;, N — o)

1,]|Alls < 1, which is equivalent to robust stability by add'”gequivalentto

a dummy uncertaintyA g to the uncertainty vector and then ap-

plying the small gain theorem [9, Sec.3.4]. We then arrive at [[Rs0||2 + [|Rusf|2 + [|RPOl2 < REH, VYw  (8)



denotingd? = (61, 95) and (the dependence on frequency For fixed values ofy;,, v, the left inequalities in (15,16) de-
being suppressed): scribe convex sets, whereas the right inequalities in (15,16) do
. . not. Inequality (14), however, can be scaledd,6%)", so
Ry = (ReT! Bo, ReT Bs), Rus = ( R€T1ABa ReTQABﬁ Erlgt it is equivalent to demand that one of the components of
ImT7B. ImT3 Bg the vectorsSé and S;S.0 has to have at least the demanded
sizev;, andyy,; respectively. Denoting; thel — th unit vector,
all this leads to

ReTf$B, ReTy*B
Rp = L e 2 "),Rm:ReB({ L 3
P ( ImT25B, ImT29B, Hslosae ‘ < Soe;- 0 (17)
2
Eqn. (8) is equivalent to the followingecond order cone HgéH <SSy e - B, (18)
when introducing additional dummy-variables, i.e. = 2
(9T5C15C27C3)T: . o e
o 3.3 Controller design as second order cone feasibility
0 < Rro (9) problem
||~qu||2 < 1’0’0)61 (10) Imposing robust stability and performance, all feasible con-
[[Rusfll2 < (0,0,1,0)0 (11) trollers (represented by.,,f;) are given by restrictions
IRpAll2 < (0,0,0,1)0 (12) (9,10,11,12,17,18), making up a second order cone:

Here,0 denotes the row vector witlV,, + Ng zero entries and

obvious blocks have been added. This problem can be solved 0 <« RTH (19)
quite efficiently with standard software 8©CPR see [13]. . m ~

I[Rs0l2 < (0,1,0,0)0 (20)
3.2 Imposing additional (sharper) nominal performance ||R~US‘?||2 < (00,1, 0)‘? (21)
In the particular situation that identification is performed using — - -
a set of stable basis functions it is straightforward to impose HSZOS‘XH ‘2 < S-¢-b (23)
additionaldemands on the sensitivity function of the nominal <~ ~ ~

HS@H < SpiSu-ex-0 (24)

control system, which is thefi = 1 — G,,,,, Q. Assume there-
fore non-negative lower and upper boursiis(iw), Sp, (iw) for

the sensitivity, which is equivalent to For the numerical solution of the problem using second order

cones, powerful interior point algorithms can be employed, see
[13]. However, the above system can be formulated (or solved)
in terms of Linear Matrix Inequalities (LMIs) as well. Note

[Sto(iw)a(iw)] < fa(iw) = Gnom (iw)B(iw)| that the numerical solution in terms of second order cones is
< |Shi(iw)a(iw)|, Yw (13) much more efficient than using LMIs.
& ||S16(1w)Sa (iw)ba]], < HS(z‘w) (og,eg)TH Special cases of the design problem arise when no paramet-
2

) ) ric uncertainty or no explicit model error model is present:
< 15hi(iw)Sa(iw)ally Vo, R, = 0andR,, = 0in (20,21) respectively.Rp = 0 in
(14) (22) imposes no further demands on robust sensitivity. More-
overS;,, = 0 and1/Sy; = 0in (23,24) respectively indicate
when using the above basis functions and denoting (suppreédsence of lower and upper bounds for nominal sensitivity.
ing the dependence a):

S — ReB, S — ReB, _ReG'rw'rnBﬁ
« ImB, : ImBy, —ImGpomBg )

3.4 Discussion

Choice of the basisB,. Eqn. (7) implies strict positive re-
alness of the functionv, which is easy seen from letting
For consistency with the variabte = (og,eg,gh@)T from p = 0. Suppose, we have a state space representation of
above, we add obvious zero blocks to matriSgsS and obtain Bo = (A, B,C, D). Then, the discrete time version of the

an equivalent formulation of (14)‘:‘&05&@ ‘ < HgéH < positive real lemma [9, Prob.3.25] (using the bilinear transfor-
2 2 mationz = (1 + s)/(1 — s) to derive it from the continu-

HSMSaéHQ. For an easier argumentation, we break this ius time version, cf. [9, Prob.4.18)) states, that a necessary

equality into four inequalities: condition for this is[D — C(I + A)~'B] + [(D — C(I +
A)~1B]T > 0. In the SISO case, this will be equivalent with
Hsloéaé ‘ < e < HS@‘ . Y, (15) D—C(I+A)~'B > 0. Now, suppose afirst order Laguerre ba-
o o 2

siswith pole at-1 < a < 1: B, = (a,1,+/(1 — a2),0), then
, Yw.  (16) o= (a,1,/(1 —a2)b,,0) for some scalar parametéy. The

O
™
IN

Yhi < HShiSaé

‘ 2
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Figure 2: Nominal model (solid), uncertainty region arising
from parametricuncertainty (shaded) and real plant (dashed).

Frequency

above necessary condition for strict positive realness is theigure 3: Upper plot: Nominal model (solid) along with un-
fay/i=2 < 0, which impliesf, < 0. Additionally, the gap certainty region, arising from the additive model error (shaded)
+ and real plant (dashed). Lower plot: Nominal error (shaded)

between |hs and rhs achieves its maximum, when, —1, - . !
" gnd over-bounding weight’a (solid).

which hints to the fact that the choice of this Laguerre pole f
a(z) makes inequality (7) for robust stability least restrictive.

Multivariable Systems. We restricted our investigations to

SISO systems. In principle this is not necessary, as we only

have to demand that the signalis scalar, which has no di-

rect implications on the number of in- or outputs of the plant

G. However, allowing MIMO systems, (1) would imply that

we useone multivariable basis andne uncertainty vectop,

rather thardifferentbases for all components. Moreover it can

be easily seen, that allowing a non-parametric additive error

A will restrict us to MISO plants, and encountering for robust

sensitivity will restrict us to SISO plants. e K

4 Simulation Example o
Identification. We use the experimental environment as in
[5]. 4000 data points are collected and a second order nominal
model, based on a Laguerre expansion (with pole-at0.96)

is identified. Assuming an unknown but bounded noise of size
0, = 4.9in an ellipsoidal over-bounding algorithm leads to the
nominal model,,,,,,(z) = 0.016(z — 0.76)/(z — 0.96)% and

the coefficients in the Laguerre expansion are bounded in an
ellipsoid of volume0.06.

Magnitude

10

10°
10" 107 107 10" 10° 10* 10°

In order to cope with unmodeled dynamics, we identify an ad- Frequency,rads
ditive error. We parameterise the set of model erchrby a

Laguerre basis of ord@b and following the strategy described . o
in [5], a pole location of: = 0.95 produces a minimal, non- Figure 4: Upper and lower bound for the nominal sensitivity

falsifying error bound o8, = 1.3. To calculate the generalisedS0lid) and upper bount¥’s for robustsensitivity (dashed).
plant (4), we need to describe the maximum amplitude of the

model error by a weighting functioia. As the complexity of

this weighting function will affect the complexity of the con-

troller, we choose a rather rough and Io%¢/) order weight.

The result of the identification is reported in Figs. 2 and 3.



Evaluated at SOCP freqs (k=) and testfreq's (b--). SOCP freq's (kx)
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Figure 5: Full order robustly stabilising controller witbbust Figure 6: Magnitude of full order controller (solid), second or-
sensitivity. Upper plot: Criterion function for robust stabilityder controller (dashed) and first order controller (dash-dotted).
(rhs of (19)), evaluated at a set of test frequencies (crosses).

Lower plot: nominal sensitivity function (solid) and desired

upper and lower nominal bounds (dashed).

Specifications. Additionally to robust stability for all models (8) is fulfilled for all frequencies, we can apply this controller,
in th identified model set, we demand theminalsensitivity guaranteeingobust stability and sensitivity. Doing the same
function to stay between a lower and an upper bound and wiih the first order controller, we obtain a negative answer. Ac-

robust sensitivity function to stay below a certain bound, seeording to Figs. 7,8, (8) does not hold in the mid and high
Fig. 4. frequency range (at frequencies marks with stars). However,

a closer look on the single contributions (Fig. 8, lower plot)
Controller design. First, we will investigate the recommendaenables us to sort out the constraint causing this failure (“at
tion for the choice of the basis functioms 3 for the Youla each frequency, all non-solid lines must add up to something
parameter. We restrict the length of the Laguerre baseslass that the solid line”): Indeed, we see the the contribution
N, = N3 = 6. Choosing the pole of to p, > —0.7 (and ar- of || Rp8]|; is too large, meaning that this first order controller
bitrary ps) results in an empty feasible set of solutions (testirgnsures robust stability, but not robust sensitivity. (This does
areasonable grid). In contrast, the chgige= —0.8,ps = 0.6 not mean that there is no first order controller that would do the
leads to a robustly stabilising controller of orddr, fulfiling  job.)
all requirements posed on nominal and robust sensitivity. This
supports the remark on pole choice 8 close to—1givenin 5  Conclusions
Sec. 3. The result of the controller design is reported in Fig. 5,
whereas the magnitude of this controller is reported in Fig. 6We presented a straightforward framework for identification

Now, we investigate the possibility of controlleduction We orlgnted robust contr_oIIer design. The m_odel uncertainty is de-
cribed by parametric, as well as additive norm-bounded un-

reduce the above controller to a second and first order controli&r . o
: . .. cértainty. The set of all robustly stabilising controllers, that
respectively (Schur method model reduction). The magnitudes ... g .
P - additionally guarantee robust performance, is characterised by
are reported in Fig. 6. How about robust stability and sensi-

tivity of these controller®? Our framework allows us to test® system of second order cones, which can be efficiently solved

X . L%Fing interior point algorithms. Moreover, an already existing
agivencontroller for robustness and performance. Starting 0 : :
. ; controller (for instance a controller obtained by model reduc-
with the controller, we re-calculate the corresponding Youla pa- o Co
: S X . ; ion) can be tested for robust stability and performance in this
rameter and its coefficients for a representation via basis fu?r%[mework
tions as in Theorem 1. Now, (8) enables us to check, whether '
this coefficient is a feasible solution or not: For each frequency,
the contributions corresponding to parametric ett®,d||., Acknowledgement
additive erroff| R 50| |2 and robust performan¢gR p6||2 must,
in sum, be less thaR” ¢ (note, that this is necessary and su

financial support by the European Commission through the
m
ficient condition).

program Training and Mobility of Researchers - Research Net-
works and through the project System Identification (FMRX
We apply this machinery to the second order controller. AST98 0206) and discussions with participants in the Euro-
1To check nominal sensitivity in this context is trivial and therefore nd?€an Research Network System Identification, A. Ghulchak,
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