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Abstract
A model for simply-supported flexible beam is identified from frequency
data. The beam’s displacement (invoked by applying a voltage to a piezo-
electric transducer attached to the beam) is measured at � � different posi-
tions over the beam’s surface. The resulting SIMO systems is identified by
means of basis functions, for which the parameters are extracted directly
from the data set and tuned afterwards. The mode shapes are obtained
by spline interpolation.
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1 Introduction and motivation

Flexible structures such as beams, plates, etc., are spatially distributed systems whose
dynamics are governed by partial differential equations. For control design purposes
these partial differential equations are approximated by lumped systems within a spe-
cific bandwidth. Given the spatially distributed nature of these systems their associated
models describe spectral, as well as spatial characteristics of the system within a spe-
cific bandwidth.

For flexible structures such as beams, plates and strings with regular shapes and
some specific boundary conditions, the task of discretizing the PDE into a lumped
spatio-temporal model can be performed via the modal analysis procedure (Meirovitch,
1986). For a more complicated structure, however, modal analysis may not be a suitable
approach as the task of finding an analytic solution to the resulting eigenvalue problem
may prove too difficult. In such circumstances, a numerical method such as FEM may
prove more effective.

System identification is a viable approach in modeling spatio-temporal systems,
such as flexible structures, if one is able to capture the spatially distributed nature of
the system in the model. Such models can then be used in designing spatial controllers,
see e.g., (Halim & Moheimani, 2001). This paper is an attempt to demonstrate how
a spatially distributed model for a flexible beam can be obtained. All experiments
were performed in the Laboratory for Dynamics and Control of Smart Structures at the
University of Newcastle, Australia. The experimental rig consists of a beam with ex-
perimentally pinned boundary conditions at its both ends. A piezoelectric transducer is



Figure 1: Experimental setup of the flexible beam, pinned at both ends.

attached to the beam and is used to vibrate the structure. A Laser Scanning Vibrometer
is used to measure displacement on the surface of the beam at a number of positions.
This data is then used to obtain a spatially distributed model of the system.

The paper is organized as follows: Sec. 2 describes the experimental setup for
data acquisition, discusses the choice of the model class and presents the identification
methods which we will be using. Having fixed the model class, Sec. 3 deals with the
actual parameter estimation, which is further refined in Sec. 4. Based on the results
obtained so far, the mode shapes are calculated in Sec. 5 and Sec. 6 gives a summary
and gives directions for future works.

2 Data set, selection of model class and identification
method

Data is collected from the experimental set up described in references (Moheimani,
2000) and (Halim & Moheimani, 2001). The experimental test-bed consists of a uni-
form aluminum bar of rectangular cross section. The beam is� � 	 � long, 
 	 �

wide and � � � thick. The beam is experimentally pinned at its two ends to gener-
ate boundary conditions close to the pinned boundary conditions at both ends. A pair
of piezoelectric ceramic patches (PIC151) are attached symmetrically to either side of
the beam,
 	 � away from one of the pinned ends. In our experiments only one of the
piezoelectric transducers is used to vibrate the beam.

The set up may be viewed as a single-input infinite-output (SIIO) system, where the
input to the system is the voltage applied to the actuating piezoelectric transducer and
the output is the displacement over the entire surface of the beam. Given that the width
of the beam is considerably smaller than its length, within the bandwidth of interest,



we may view the system as a one-dimensional spatially distributed system. That is all
in-bandwidth vibration modes of the beam are assumed to be due to bending modes.

The beam displacement is measured at� � different positions using the PSV300
laser scanning vibrometer. The resulting data can be regarded as data obtained from a
SIMO system. We do know from physics that all the associated 23 SISO systems share
the same poles. In our case, the first four modes are excited by the input signal, hence
we have a parameterization by four second order resonant systems. This leads to the
following model class:
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The input/output behavior from the voltage applied to the piezoelectric transducer4 to
the displacement5 at position6 �

on the beam is given by5 � 6 � � � � � 9 4 . We use.
as index for the position on the beam and; for the mode number. Identification task
is now to calculate

$ �  , the mode shapes, and the parameters'  , )  . We will discuss
the problem of calculating'  , )  in the following two sections. Now, we assume, that
a reasonable estimate for'  , )  is available. Then (1) is linear in

$ �  . We will employ
two different methods to estimate

$ �  . These are the least squares estimate
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and the restricted projection estimate:
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(or an equivalent expression when having frequency data). Here, we have used the
abbreviationU  �

U  � � ` '  , )  � � "b c e % g h j h b e j ch for the basis functions. Note, that

the only difference between the two estimates is due to the norm used. The least squares
estimate (LSE) looks for the best estimate in the 2-norm, while the restricted projection
estimate (RPE) uses thel norm for this purpose. Both estimates can be applied to
time- as well as to frequency domain data. Computation of the LSE involves a QR
factorization of the information matrix (Ljung, 1999), while the RPE can be computed
via linear programming (Garulli, Kacewicz, Vicino & Zappa, 2000). A comparison of
both methods is given in (Akcay, Hjalmarsson & Ljung, 1996).

3 Choice of basis functions and identification of the mode
shapes (SIMO case)

We will now discuss how to derive initial values for the basis parameters
� ) " , ' " �
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, eight parameters in total. As the basis functionsU  are independent of the

position on the beam at which the measurements were taken, and hence the parameters)  , '  , we may obtain the basis function using one data record, say, the first one. First,
we extract the four resonance frequencies)  as
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from the data record. For some choice of the'  , we calculate an LSE and then tune the
four parameters'  , so that the resonance peaks of the measured (frequency domain)



data and the amplitude plot of our estimate match exactly. It is noted that the four
remaining parameters can be tuned quite independently from each other to accomplish
this aim. This gives quite a good basis with continuous time poles located at
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We then run all� � data sets with this basis expansion. Figures 2 and 3 show sample

results. Additional investigations show, that these results can not be improved signifi-
cantly by adding additional terms to the basis consisting of four second order elements
in order to increase the degree of freedom when estimating the four complex zeros with
just four real parameters. Another interesting observation is that LSE and RPE proce-
dures effectively result in the same estimate, although they use different “philosophies”
in the noise assumption: a soft energy bound versus a hard bound. Comparing the iden-
tified model to the analytical one, as derived in (Moheimani, 2000), it is difficult to say
which one may be better than the other. In some cases, one method may estimate a zero
better than the other, but it is difficult to state, that one method delivers anin general
better result than the other. In all cases, the identified model matches the resonance top
better then the analytical model (although this is no surprise at all, since this was the
tuning criterion for the choice of the basis). An advantage of the identification proce-
dure is that it is quick and fully automated, starting off with the measured frequency
data, in contrast to the “by-hand” tuning of the parameters after physical modeling.

4 Tuning the basis parameters

We will now describe how to improve the quality of the basis parameters. This method
is useful especially when having a second data record at hand, containing a different
set of frequencies. We assume, that initial values for)  , '  and an estimate of

$ �  have
been calculated as explained in the previous section. For simplicity of presentation, we
restrict ourselves to a certain position on the beam (i.e. to one output).

In order to get an update of the basis functionU  in a simple way, we linearize
the basis functionU  around the preliminary)  , '  . Denoting the above setup as (the
index . is omitted in this section):
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This leads to the following expression:
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Note, that the linearization gives a bilinear parameterization in the parameters
$  and� ) , � ' , i.e. keeping)  , '  , $  from the initial step constant and estimating

� ) , � '
is a linear problem and can be solved using (2) or (3). Having solved this problem, an
update for the basis parameters is available as�)  � ) & � ) ,

�'  � '  & � ' 2 (6)
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Figure 2: Identified LSE model (g), analytical model (m) and measured data (b) for
outputs.
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Figure 3: Identified LSE model (g), analytical model (m) and measured data (b) for
outputs.
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Using the new basis that now depends on the improved
�)  ,

�'  , we may estimate a new�$  , and iterate this loop. This technique is known as boot-strapping for bilinear systems
(Ljung, 1999, sec.10.4). Note, however, that this system is “artificially” bilinear due to
the linearization applied in (5). We summarize the procedure shortly as:

1. Initial guess: extract resonance frequency)  and damping'  from measured
data.

2. Estimate the mode shape:
$  via (2) or (3).

3. Carry out the linearization in (5) to obtain the bilinear setup:

� � � � �� $ � 9 � � � ` ) , ' � & $ � � � � � ` ) , ' � 9 � � )� ' � ,
calculate

� ) , � ' using (2,3) and update
� �) ,

�' � �
according to (6).

4. Replace) , ' by
�) ,

�' and go to step 2.

Moreover, this technique can be used for assessing the error associated with the pa-
rameters

$ , )  , '  by calculating the feasible ellipsoid when employing the restricted
projection estimate RPE (3), for instance.

5 Calculation of the mode shapes (spatial case)

The final question that needs to be addressed is the following: we measured the dis-
placement of the beam at different, distinct, locations, ending up in a SIMO system.
Is it possible to calculate the displacement5 � 6 �

for an arbitrary6 , based on the model
obtained in the above section? The answer is positive.

What we did above was to estimate the parameter
$ �  (LSE or RPE), where; de-

notes the number of the mode (
0 , 2 2 2 , m ) and . indicates the dependency on the lo-

cation along the beam6 � . In order to obtain displacement at an arbitrary position6
on the beam, we interpolate the four mode shapes

$ � " , 2 2 2 , $ �
� over location6 � using

cubic splines and the proper boundary conditions. The result is reported in Figure 4.
The mode shapes obtained here resemble mode shapes of a simply-supported beam
(Meirovitch, 1986). That is, the first half of a sine-wave for the first mode, a complete
sine wave for the second mode, and so on. Here, only every second point was used
for interpolation, remainder of measured points are used as “validation” data. An al-
ternative to this approach would be a parameterization of the mode shapes in terms of
trigonometric functions as

$  � 6 � � �  9 � F G � �  9 6 �
and to estimate

� �  , �  �
from data.

6 Conclusions and future work

A spatially distributed system, a flexible beam, has been identified from measured data.
The beam’s displacement (invoked by applying a voltage to a piezoelectric transducer
attached to the beam) is measured at a number of distinct positions along the beam.
While the choice of the model class/structure is straightforward from physics, all pa-
rameters are determined from data. Possibilities to enhance an initial estimate of the
parameters and to assess their uncertainties are discussed as well. The spatial behavior
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is characterized by the mode shape as a function of the of the position on the beam; it
is determined by interpolation of the identified SIMO system.

In future works, a spatial controller design, directly based on this identified model
will be considered and compared to existing ones. Another issue is the identification of
two dimensional flexible structures, which is significantly easier when having a fully
automated procedure for identification of the parameters.
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